A NOTE ON MAXIMAL COMMUTATORS AND COMMUTATORS OF 

MAXIMAL FUNCTIONS 
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Abstract. In this paper maximal commutators and commutators of maximal functions 
with functions of bounded mean oscillation are investigated. New pointwise estimates for 
them are proved. 



1. Introduction 

In 1976, Coifman, Rochberg and Weiss [5] studied the L p boundedness of the commutator 
[b, T] generated by the Calderon-Zygmund singular integral operator T and a function b, 
where [b, T] is defined by 

[&,T](/)(a;)=p.v. f K{x-y)[b{x)-b(y))f{y)dy, (1.1) 

with a Calderon-Zygmund kernel K and BMO(R n ) function b. Using the L p boundedness 
of commutator [T, b], Coifman, Rochberg and Weiss successfully gave a decomposition of 
Hardy space H 1 (R n ). 

The commutator defined by (II. ip is called CRW-type commutator, and CRW-type com- 
mutator plays an important role in studying the regularity of solution of partial differential 
equations. 

For the Hilbert transform H, and other classical singular integral operators, a well known 
and important result due to Coifman, Rochberg and Weiss (cf. [5]) states that a locally 
integrable function b in R n is in BMO if and only if the commutator is bounded in L p (M. n ), 
for some (and for all) p G (1, oo). 

It was shown (see [TJ, PQ, [TT], for instance) that so-called maximal commutator 

C b (f)(x) :=supi f \b(x)-b(y)\\f(y)\dy. 

plays an important role in the study of commutators of singular integral operators with 
BMO symbols. The operator Cj, have been investigated in [T3] and [TB]. Garcia-Cuerva et 
al. [7J proved that C& is bounded in L p (M") for any p G (1, oo) if and only if b G BM0(1R' 1 ), 
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and Alphonse [lj proved that C& enjoys weak-type L(logL) estimate. In same papers this 
operator named also maximal commutator. If b is non-negative, the operator Cb controls 
commutator of maximal function. 

The commutator of maximal function was studied by Milman et al. in [12] and [2] . Using 
real interpolation techniques, in [12], Milman and Schonbek proved a commutator result 
that applies to the Hardy-Littlewood maximal operator M. In [2], Bastero, Milman and 
Ruiz proved that the commutator of the maximal operator with locally integrable function 
b is bounded in L p if and only if b is in BMO with bounded negative part. As we know 
only these two papers are devoted to the problem of boundedness of the commutator of 
maximal function in Lebesgue spaces. The maximal operator Cb was studied intensively 
and exists plenty of results about it. We see that results for Cb and [M, b] is not same. 

In this paper maximal commutators and commutators of maximal functions with func- 
tions of bounded mean oscillation are investigated. New pointwise estimates for them are 
proved. By the way, new results for Lebesgue spaces are obtained. For example, we give 
weak type estimate for commutator of maximal function which is new, as we know. 

The paper is organized as follows. We start with notations and give some preliminaries 
in Section [21 In Section [3] we present new pointwise estimate for maximal commutator. 
In Section H] we give new proof of results by Garcia-Cuerva et al. from [7] and Alphonse 
from [lj. In latter case we also show necessity. Note that in [TJ only sufficient part was 
proved. In Section we obtain pointwise estimate of commutators of maximal operator 
by iterated maximal function. Using this estimate we obtain new proof of the result by 
M. Milman and T. Schonbek from [12]. Weak-type inequalities were also proved by means 
of this estimation. 

2. Notations and Preliminaries 

Let < a < n and / G /^(IR™). Denote by M a fractional maximal operator: 

r 

M a f(x):= sup \Q\^ / |/|. 
xeQ Jq 

Definition 2.1. For the Hardy-Littlewood maximal operator M and a locally integrable 
function b, we define a commutator of maximal function by 

[M, b]f(x) = M(bf)(x) - b(x)Mf(x). 

For the sake of completeness we recall the definition of the spaces and some properties 
of the spaces we are going to use. 

The non-increasing rearrangement (see, e.g., [4, p. 39]) of a measurable function / on 
W 1 is defined by 

/*(*) = inf {A > : \{x G R n : \ f(x)\ > A}| < t} (0 < t < oo). 

Let p G [1, oo). The Lorentz space L p '°° is defined as 

L p >°°(R n ) := if : /measurable on R n ; \\f\\ L r,°°m ■= sup t>f*(t) < oo 

[ 0<<<oo 
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Definition 2.2. Let g G L 1 1 oc (M n ). Then g is said to have bounded mean oscillation 
(g G BMO) if the seminorm given by 

IMI*:=sup— / \g{y)-g B \dy (2.1) 

B D J B 

is finite. Here, B denotes any ball of R n and gs is the average of g over B. 

The most important result regarding BMO is the following Theorem of F. John and 
L. Nirenberg (see [6], p. 164, for instance). 

Lemma 2.3 ([ID])- There exists constants C\, C2 depending only on the dimension n, such 
that for every f G BMO = BMO(R™) ; every cube Q and every t > 0: 

\{x G Q : |/(x) - f Q \ > t}\ < CM exp (-^t) . (2.2) 



Lemma 2.4 ([10] and [3]). For p G (0,oo), BMO(p) = BMO, with equivalent norms, 
where 



BMO(p) 



t(mX i/m -^) 



Lemma 2.5 ((6], p. 166). Let f G BMO and p G (0,oo). Then for every A such that 
< A < C2/II/II*) where C2 is the same constant appearing in f)2.2p . we have 



SU P TFv / ex P{ A l/( x ) ~ fQ\)dx < 00. 
Q \Q\ Jo 



Denote by b + (x) = max{6(x), 0} and b~(x) = — min{6(x), 0}, consequently b = b + — b~ 
and |6| = b + + b~. 

The boundedness of the commutator for the Hardy-Littlewood maximal operator inves- 
tigated in [12] and [2]. 

Theorem 2.6. (p2], Theorem 4.6) lfb>0isin BMO, then 

\\[M,b]f\\ Lpm < cllftlLH/H^cRn), 1< p < 00. 

Theorem 2.7. ([2], Proposition 4) Let 1 < p < 00 and b be a real valued, locally integrable 
function in W 1 . Then the commutator [M,b] is bounded in L p (R") if and only if b is a 
BMO(M n ) function such that its negative part b~ is bounded. 

Let O be a cube of W 1 . A continuously increasing function on [0, 00], say ^ : [0, 00] — > 
[0,oo] such that \& (0) = 0, ^(1) = 1 and ^(00) = 00, will be referred to as an Orlicz 
function. If \1/ is a Orlicz function, then 

$(t) = sup{ts - *(s); s G [0, 00]} 

is the complementary Orlicz function to \& '. 

The generalized Orlicz space denoted by L* (Q) consists of all functions g : Q C R n — > R 
such that 

* ^— J (a;) da; < 00 
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for some a > 0. 

Let us define the ^/-average of g over a cube Q contained in Q by 
|| 9 ||„ = taf{A>0: ] i r ^»(J^l)*<l 
When A is a Young function, i.e. a convex Orlicz function, the quantity 

< 1 



ff = inf{A>0:jf*(M) dj, 



is well known Luxemburg norm in the space L^(Q) (see [H]). 

We define the weak L(l + log + L)-average of g over a cube Q contained in Q analogously 

by 

mi A I \{x e Q : \g(x)\ > at}\ 
lblU( 1+1 o g +,),Q = mf |a > : sup — ^ fog+ fi < 1 

If / G L^(M. n ), the maximal function of / with respect to ^> is defined by setting 

Myf(x) = sup ||/||*,q, 

where the supremum is taken over all cubes Q of W n containing x with sides parallel to the 
coordinate axes. 

The generalized Holder's inequality 

^-J\f(y)g(y)\dy<\\f\U,Q\\gh, Q , (2.3) 

where ^ is the complementary Young function associated to $, holds. 

The main example that we are going to be using is = t(l + log + t) with maximal 
function defined by M L ^ ogL y The complementary Young function is given by ^(i) ~ e* 
with the corresponding maximal function denoted by M exp ^. 

Recall the definition of quasinorm of Zygmund space: 



L(l+log+L) : = 



|/(x)|(l + log + |/(x)|)^ 



The size of M is given by the following. 

Lemma 2.8 (|13j. Lemma 1.6). There exists a positive constant C such that for any 
function f and for all A > 0, 



\{x G lR n : M 2 f(x) >\}\<C J ^1 + log + I^Y^j^j dx. 



(2.4) 



Now we make some conventions. Throughout the paper, we always denote by c and C 
a positive constant which is independent of main parameters, but it may vary from line 
to line. By A < B we mean that A < CB with some positive constant C independent of 
appropriate quantities. If A < B and B < A, we write A w B and say that A and B are 
equivalent. Constant, with subscript such as C±, does not change in different occurrences. 
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For a measurable set E, xe denotes the characteristic function of E. Given A > and a 
cube Q, XQ denotes the cube with the same center as Q and whose side is A times that of 
Q. For a fixed p with p G [1, oo), p' denotes the dual exponent of p, namely, p' — p/(p — 1). 
For any measurable set E and any integrable function / on E, we denote by /q the mean 
value of / over E, that is, /q = (1/|Q|) J E f(x)dx. 

3. POINTWISE ESTIMATES FOR MAXIMAL COMMUTATOR 
For 5 > and / G Lf c {R n ) denote by 

i 

i r v 



M 5 f(x):= sup (±- [ \f(y)\ 5 dy 
xeQ VM Jq 



The following Theorem is true. 

Theorem 3.1. Let b G BMO and let < 5 < 1. T/ien, t/iere exisfo a positive constant 
C = Cs such that 

M s (C b (f))(x) < C\\b\UM 2 f(x) (3.1) 
for all functions from L l ° c (R n ). 

Proof. Let iGK" and fix a cube x G Q. Let f — fi + fi, where f\ = fx3Q- Since for any 
y eR n 

C b (f)(y) = M((b - b{y))f){y) = M((b - b 3Q + b 3Q - b{y))f){y) 

< M((b - h Q )h){y) + M((b - b 3Q )f 2 )(y) + \b(y) - b 3Q \Mf(y), 

we have 



(i^i ! Q {Cb{f){y))i Uy ) 1 ' ~ (^j^i^-M/o^)!^) 5 

i 

+ j Q \M((b-b 3Q )f 2 )(y)\ 5 d y y 



IQ 
Since 

•101 



+ {w\I H^)- & 3ol 5 W(y))^) 5 =i + n + in. (3.2) 



/ 

Jq 



\M((b-b 3Q )f 1 )(y)\ d dy= I [(M((b-b 3Q )f 1 )y(t)] S dt 



o 



< 



sup t(M((6-6 3Q )A))*(t) 

0<<<|Q| 



!) \Q\ 



r 5 dt, 



using the boundedness of M from Li(R") to L 1,00 (R™) we have 

\M((b - b 3Q )h){y)\ 5 dy < ||(6 - M/il!( R .)|Qr m 
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= \\(b-b 3Q )f\\ 5 Ll{3Q) \Q\- 5+1 . 

Thus 

I< |^| jf Hy)-h Q \\f(y)\dy. 
By generalized Holder's inequality (12.31) . we get 

1 ^ \\b ~ ^3Q||expL,3Q||/IUlogL,3Q- 



Since by Lemma I2.5[ there is a constant C > such that for any cube Q, 

\\b - MU p l,q < C||&||*, 

we arrive at 

I < \\b\\*M LlogL f(x). (3.3) 

Let us estimate II. Since II is comparable to wf ye Q M((b — b 3 Q)f)(y) (see [6], p. 160, 
for instance), then 

U<M((b-b 3Q )f)(x). 
Again by generalized Holder's inequality and Lemma 12.51 we get 

II < SUp ||6 - 630l|cxpL,3Q||/|UlogL,3Q < \\b\\*M LiogL f(x). (3.4) 

x<=Q 

Let 8 < e < 1. To estimate III we use Holder's inequality with exponents r and r', where 
r = e/5 > 1: 

111 - (m So m ~ hQ]S " dv ) * (w\ f ™^ " 



Q 



By Lemma [2.41 we get 



HI < IN* (± J 3 (Mf(y)ydy^ ' < \\b\UM £ (Mf)(x). (3.5) 

Finally, since M 2 sa M L i ogL (see [13], p. 174 and [8], p. 159, for instance), by (ET2|) . (13T3|) . 
( B3D and ([33D, we get 

M,(C 6 (/))(a;) < C||6||, (M £ (M/)(a;) + M 2 /0r)) (3.6) 

Since 

M £ (Mf)(x) < M 2 f(x), when < £ < 1, 

we arrive at (13. ip . 

□ 

Remark 3.2. Note that the inequality (13. ip implies the inequality 

M#(C b (f))(x) < C\\b\UM 2 f(x) (3.7) 
(see [9], Lemma 1, for instance). Indeed, assume that (13 . 1 p holds. Then 

M*(C b (f))(x) < M s (C b (f))(x) < C\\b\UM 2 f(x). 
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Theorem 3.3. Let b G BMO. Then, there exists a positive constant C such that 

C b (f)(x)<C\\b\UM 2 f(x) (3.8) 

for all functions from L l °°(R n ). 

Proof. Since, by the Lebesgue differentiation theorem 

C b (f)(x) < M s (C b (f))(x), 
the statement follows from Theorem 13. 11 □ 

4. BOUNDEDNESS OF THE MAXIMAL COMMUTATOR 

Let us recall the following result on boundedness of maximal commutator in L p -spaces. 

Theorem 4.1. ([7], Theorem 2.4) Let 1 < p < oo. Then the operator Cb is bounded in 
LpiW 1 ) if and only if be BMO(M n ). 

Using Theorem 13.31 and boundedness of the Hardy-Littlewood maximal operator M in 
L p (M. n ) we obtain new proof of sufficient part of Theorem 14.11 

In the following Theorem we give new proof of the result by Alphonse from [lj using 
Theorem 13.31 and Lemma 12. 81 We also show necessity which is new. The fact that the 
operator Cb fails to be of weak type (1,1) follows from Lemma [5.11 and Example 15. 71 

Theorem 4.2. The following assertions are equivalent: 

(i) There exists a positive constant C such that for each A > 0, 

\{x G W 1 : C b (f)(x) > A} I < cj (l + log + O^Yj dx (4.1) 

holds for all f G L(l + log + L). 

(ii) b G BMO(M n ). 

Proof (i) =3- (ii). Let Qo be any fixed cube and let / = xq - F° r an Y A > we have 
\{xeR n : C b (f)(x) >\}\ = \{xeR n : sup -L / \b(x)-b(y)\dy>\}\ 

x&Q M JQnQo 

> |{x G Qo : sup y— y / \b(x) - b(y)\dy > X}\ 

> \{x G Qo : --J— f \b(x)-b(y)\dy>\}\ 

IWol Jq 

> \{xeQ :\b(x)-b Qo \> X}\, 

since 

\b(x)-b Qo \ < -L f \b(x)-b(y)\dy. 



By assumption the inequality (14. ip holds for /, thus we have 

\{x G Qo : |6(a;) - b Qo \ > A}| < C\Q \\ (l + log" ' 



A V A 
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For < 5 < 1 we have 

/ \b-b Qo \ s = 5 X s ~ l \{x e Q : \b(x) - b Qo \ > \}\d\ 

JQo JO 

= sy\j^\ 5 - 1 \{xeQ :\b(x)-b Qo \>\}\d\ 
< S\Q \ J X s " 1 d\ + C5\Q \ J X^j (l + log + ^ dX 



\Qo\ + C5\Q \ J™ X 5 - 2 dX =(l + C^-^j 



\Q. 



Thus b e BMOj(l"). Then by Lemma El we get that b e BMO. 
(ii) =>- (i). By Theorem 13.31 and Lemma [2.81 we have 

\{x € R" : C„(/)W > A}| 

<|{, eR -:MVW>^}| 

< cl gH^Wj + log+ 

Since the inequality 

1 + log + (a&) < (1 + log + a)(l + log + 6) (4.2) 
holds for any a, b > 0, we get 

|{xeR n :C 6 (/)(x)>A}| 

< C||6|U(1 + log+ \\b\U) J ^ (l + log+ (i^) ) dr. 

□ 

5. BOUNDEDNESS OF THE COMMUTATOR OF MAXIMAL OPERATOR 

In this section we obtain pointwise estimate of commutators of maximal operator by 
iterated maximal function. Using this estimate we obtain new proof of the result by 
M. Milman and T. Schonbek from [12]. Weak-type inequalities were also proved by means 
of this estimation. 

We shall reduce the study of this commutator to that of C&. 

Lemma 5.1. Let b be any non-negative locally integrable function on W 1 . Then 

\[M,b]f(x)\<C b (f)(x) (5.1) 

for all functions from L l ° c (M. n ). 

Proof. It is easy to see that for any f,gE L 1 1 oc (IR n ) the following pointwise estimate holds: 

\Mf(x) - Mg(x)\ < M(f - g)(x). (5.2) 
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Since b is non-negative, by (j5.2p we can write 

|[M,6]/(x)| = \M(bf)(x)-b(x)Mf(x)\ = \M(bf)(x)-M(b(x)f)(x)\ 
< M(bf - b(x)f)(x) = M{{b - b{x))f){x) = C b (f)(x). 

□ 

Lemma 5.2. Let b be any locally integrable function on R n . Then 

\[M,b]f(x)\ < C b (f)(x)+2b-Mf(x) (5.3) 
for all functions from L 1 1 oc (IR n ). 
Proof Since 

\[M,b]f(x) - [M, \b\]f(x)\ < 2b~Mf(x) 
(see [2], p. 3330, for instance), then 

\[M,b)f{x)\ < \[M,\b\)f{x)\ + 2b-Mf(x), (5.4) 

and by Lemma [5.11 we have 

|[M,6]/(x)|<C )6 |/(a;)+26-M/( a ;). 

Since ||a| — |6|| < |a — b\ holds for any a, b G R, we get C\ b \f(x) < Cbf{x) for all x G R n . 

□ 

Lemma 5.3. Let b is in BMO(R n ). Then, there exists a positive constant C such that 

\[M,b]f(x)\ < C (\\b\UM 2 f(x) + b-(x)Mf(x)) (5.5) 
for all functions from L 1 1 oc (R n ). 

Proof. Statement follows by Lemma 15.21 and Theorem 13.31 

□ 

Corollary 5.4. Let b is m BMO(K n ) such thatb~ G L 00 (R™). Then, there exists a positive 
constant C such that 

\[M,b]f(x)\<C(\\b\UM 2 f(x) + \\b-\\ Loo Mf(x)) (5.6) 
for all functions from L 1 1 oc (R n ). 

Theorem 5.5. Let b is in BMO(R n ) such that b~ G L 00 (M n ). Then, there exists a positive 
constant C\ such that 

\[M,b]f(x)\ < Ci + ||6- || Loo ) M 2 f(x) (5.7) 

for all functions from L 1 1 oc (R n ). 

Proof. Statement follows by Corollary 15.41 since / < Mf and \\b\\* < + \\b~\\* < 

+ || b~ || l x - Note that by triangle inequality ||& + ||* + ||& _ ||oo ^ ||^||* + ||^ _ ||oo holds 
also. □ 
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Corollary 5.6. Let 1 < p < oo and let b is in BMO(IR n ) such that b~ G L^iW 1 ). Then 
the commutator [M,b] is bounded in L p (IR n ). Moreover, there exists a positive constant C 
such that 

\\[M,b]f\\ Lp(Rn) < C {\\b + \U + \\b-\\ Loo ) \\f\\ Lpm (5.8) 
for all functions from L p (M. n ). 

Example 5.7. We show that [M, b] fails to be of weak type (1, 1). Consider the BMO 
function b(x) = log |1 + x\ and let f(x) = X(o,i)( x )- ^ * s eas y ^° see ^ na t ^ or an y x < ® 

Mf(x) = sup ' 



0<<<1 



t — x 1 — X 



On the other hand, for any x < 



M(bf)(x) = sup 

0<t<l 



Jo^og\l + y\dy 



= sup 

t — x 0<t<l t — X 

21og2-l log |1 + x| 



;i + t)log(l + t) -t _ 21og2- 1 



Thus 



1 — x 



[M,b]f(x) = 



1-x 



1-x 



There is e > such that for any x < —e 



log |1 + x\ - (2 log 2 - 1) > - log 



Therefore, for any A > 0, 

\\{x G R : \[M,b]f(x)\ > A}| > A 

> A 

> A 



x < 



21og2-l log 11 + x| 



x < —e : 



1 — x 
1 log \x\ 



1 — X 



> A 



2 1 -x 
x < — max{e, e } : 



> A 



Hog 


X 


2 


X 





> A 



= \((f 1 (-max{e,e }) - f ^A)), 

where f is the increasing function if : (— oo, — e) — » (Oje" 1 ), given by (p(x) = log 
To conclude observe that the right hand side of the estimate is unbounded as A — > 0: 

limA<^ _1 (A) = lim Xip(X) = oo. 

A— >0 A^oo 

Theorem 5.8. Let b is in BMO(IR n ) such that b~ G L^iW 1 ). Then, there exists a positive 
constant C such that for each A > ; 

\{xeR n :\[M,b]f(x)\ > X}\ 



<CCo(l + log + C ) I ^Wl + log^ 



\m\ 

A 



dx 



(5.9) 



for allfeL{\ + log + L), where C = ||&+||, + \\b-\\ Loo . 
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Proof. By Lemma |5.2[ we have 

\{xER n :\[M,b]f(x)\>\}\ 



< 



< 



xeR n :C b (f)(x)> 
xeR n :C b (f)(x)> 



x G 



\2b-\Mf(x) > 



x G 



: 2II6" 



5 M/(x) > 



A 



By Theorem 14.21 using the inequality (14. 2 j) we have 



a? G 



: a(/)(x) > ^ 



< CC (1 + log + C ) /Mfl + log^ 



da;. 



A V V A 

On the other hand, since the maximal operator M is a weak type (1,1), we get 



xGM n :2||6-|| 0O M/(x)>^ 



<c\\b- 



X 



dx. 



Combining floTTOj) and floTTTj) we get fl5T9|) . 



(5.10) 



(5.11) 



□ 



Remark 5.9. Unfortunately, in Theorem 15.81 we have only sufficient part, and we are not 
able to prove that the condition b G BMO(lR n ) is also necessary for inequality (15. 9 j) to hold. 
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